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ACT

A novel model for the description of storage structures is present
based on the consideration that a storage structure is completely
cterized by two things: the collection of its access paths and a
ion which indicates whether two access paths access the same
ructure. The model, called a "structure", is abstract in the sense
it is free of low level concepts such as pointers and garbage, whi
2 same time it is general in that it allows the description of sto
tures with arbitrary sharing and circularities. Operations on
tures (such as creation and replacement) can be described very
ally in terms of three primitive operations. These primitive

tions are defined using a special partial order, which turns the s

1 structures into a complete lattice.

ORDS & PHRASES: storage structure, data structure, path, object,

sharing, circularity

s report will be submitted for publication elsewhere.







'RODUCTION

he question what a "data structure" is has been a point of dispute

veral years. Though not all powder smoke has drifted away yet, a

ing of agreement can now be observed. A data structure is a class of

s which is fully characterized by the operations which can be applied

se objects. There are two aspects to this characterization: an

al and an internal aspect. The external aspect deals with the

on what the effect of the operations is. The concept of an "abstract

ype" [11], which is essentially a heterogeneous algebra [3], has been

uced to model this aspect of a data structure. The internal aspect is

ned with the question how the effect of the operations is

lished. This aspect is usually dealt with by choosing a

sentation”" for the data structure and "implementing" each operation

ms of the well-known operations on the representation. It is

1lly agreed that the internal aspect of a data structure should be
("encapsulated" [16]) to the user.

he above agreement on what a data structure is does not carry over to

er crucial question: How should data structures be described, or

fied"? It is important, both to the user and to the implementer, that

ification of a data structure describes only the external aspect of

ta structure. The meaning (in the semantical sense) of a

‘ication of a data structure must therefore be an abstract data type.

are basically two ways to specify data structures (or abstract data
if you like) [12].

'he first, and apparently the most attractive, is the axiomatic (or

cit") method [6, 7]. In this method the essential properties of the

.ions are described through axioms. The major advantage of this method

t it is not necessary to commit oneself to a representation for the

‘tructure. There are also two severe drawbacks, however. Apart from

iimple data structures, it is very difficult to construct complete and

‘tent axiomatic specifications. Specifically data structures involving

iic" and "shared" data, which are frequently encountered in practice,

xry hard to specify. Moreover, axiomatic specifications are usually

om easy to comprehend.




The second way of specifying abstract data types is the "abstract
10odel"” approach [1]. In this approach an abstract representation for the
lata structure to be specified is chosen. The operations of the data
structure are then specified in terms of this representation. This method
:learly contrasts the axiomatic method as to its advantages and
lisadvantages. First of all, specifications are more easily constructed. If
he possibility of dynamic creation and sharing is already included in the
bstract representations chosen, data structures featuring these properties
ire readily specified. The specifications also tend to be more readable
‘han axiomatic specifications. The salient disadvantage, of course, is the
‘act that specifications are not representation-independent. If one is not
rery careful, details of the representation chosen may permeate into the
ixternal world and lead to an "overspecification" of the data structure.
.Contrast this with the problem of writing complete axiomatic
specifications.)

It is my firm belief that for realistic applications the future lies
n the abstract model approach. A precondition is, however, that the
roblem of representation-dependence is solved satisfactorily. The key to a
iolution of this problem lies in the observation that the choice of a
‘epresentation need not depend on efficiency considerations. The only
'xiteria in choosing a representation should be the clarity and
laturalness of the specification. This implies first of all that the
‘epresentations themselves must be free of implementation detail, or in
ther words, they should be as abstract as possible. In particular they
hould not include such things as pointers, fixed size storage cells, etc..
m the other hand, the possibility of dynamic creation and sharing should
)e inherent (otherwise many applications are ruled out). If we had such
bstract representations at our disposal, data structures could be
pecified relatively representation-independent. The sole purpose of the
‘epresentation would be to increase the comprehensibility of the
pecification, and not to suggest a certain implementation.

In this paper representations will be described which are believed to
iatisfy the requirements mentioned above. These representations can be
‘iewed as abstract "storage structures". They can be used as the basis for

. specification method, which allows the specification of realistic data




structures in a comprehensible and unambiguous way, without undue effort
and at various levels of abstraction. Their use is not restricted to
specification languages, however. It is envisaged that they can
successfully be used in definitions of programming languages as well,
aspecially in definitions of those programming languages which feature
sharing ("aliasing") and dynamic creation of data.

The representations, which will be called "structures", are introdu
in the next section, together with some related concepts. In Section 3
three primitive operations which can be applied to structures are define
For their definition a partial order, which turns the set of all structu

into a complete lattice, is introduced first.
2. STRUCTURES

The purpose of this section is to define the concept of a "structur
A structure can be viewed as an abstract "storage structure", which can
"accessed" through special keys called "accessors". Accessors will be
considered as primitive concepts, usually denoted by strings of letters
digits. By repeatedly applying accessors to a structure one can follow a
"access path".
An accessor is a primitive concept.
A is the set of all accessors.

A* is the set of all finite sequences of accessors.

+
A is the set of all finite nonempty sequences of accessors

A is the empty sequence of accessors.

The sequence A ooy An of accessors will be denoted as A ...An.

1’ 1
The following definition of the concept of a structure is based on

consideration that a (storage) structure is completely characterized by
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S is the set of all structures.

roperty 1 states that the empty sequ
hence P # ¢). Property 2 implies tha
lso a path of S. Property 3 states t
ontinuations. This property of an eq
nvariance". The paths of a structure
bjects which they represent. As will
bject as introduced above is closely
n object.

There are three trivial examples
he "empty structure", the "convergen

tructure" respectively:

+ access paths and second, a
» paths access the same
necessarily an equivalence

es of access paths as well we

P < A* and = is an equivalence

(P € A*, a € A)
(P, QE P, a €A

of =, will be called an object

f accessors is a path of S

head piece of a path of S is
uivalent paths have equivalent
nce relation is known as "right-
e viewed as '"names" for the

en later, the concept of an

ed to the intuitive concept of

structure, which will be called

cture" and the "divergent




= <{A}, {(A, MN)}> is a structure called the empty structure.

<A*, A* x A*> is a structure called the convergent structure.

C
b= <A*, {(®, P) | PE A*}> is a structure called the divergent
tructure.

that 1L and TC contain only a single object, while TD contains an
te number of objects (i.e. if A # ¢, which we will from now on

). Other examples of structures will be discussed below.

el

= <P, =>, where

' {A: a, b, ba}r

{, A, (a, a), (a, ba), (ba, a), (ba, ba), (b, b)},

v is a structure containing the following objects:

'|= = {{A}, {a, ba}, {b}}.

v that the paths a and ba are "aliases" for one and the same object.
* Example

jefore continuing some notations have to be introduced. First, if

>, => is a structure, then PS and ES will denote P and = respectively.

l, if X is an object of a structure S and P is a path of S such that
then, if no confusion can arise, P will denote X. This convention

.n with the common mathematical practice of denoting equivalence

»s by their representatives. Definitions and lemmas which use this

.on for objects must be proved to be independent of the choice of the

sentatives for the objects.




The definition of a structure does not preclude that structures use an
infinite number of accessors or have an infinite number of objects.
Structures that use only a finite number of accessors and have a finite
wmber of objects constitute an important subclass. The structures in this

subclass will be called the "finite structures".
Let S be a structure.

The accessor set of S is defined as:

{AeAlapePS[PAePS]}.

S is called finite iff the accessor set and the set of objects of S

are finite; otherwise S is called infinite.

Che empty structure 1 is an example of a finite structure, and the
livergent structure TD is an example of an infinite structure. The
ronvergent structure TC is infinite if and only if A is infinite.

Finite structures can be pictured in a systematic way as follows:

For each object P

' Draw a circle CEn

For each pair of objects (E} Eb

and each accessor A with PA € 5

' Draw an arrow labeled by A from CE-to qi.
Label CK-by A.

Notice that this drawing algorithm is independent of the choice of the
b>aths for the objects and that it would never terminate if applied to an

infinite structure. It is easy to see that the picture thus associated to

a finite structure is unique.




pty structure L has the following picture:

A

O

Fig. 1
: {a, b}, then the picture of the convergent structure Te is:

A
D
Fig. 2

try the impossible and apply the drawing algorithm to the divergent

ure T with A = {a, b}, then we get:




he picture of the structure S from Example 1 is:

Fig. 4
ind of Example

The above may raise the question what the difference is between a
structure and a rooted graph with labeled edges. At first sight there may
1ot seem to be any difference, yet there is. There are two crucial
lifferences. First, the concept of "unreachability" is meaningless in a
structure. Each object has at least one access path. Second, objects do not
lave a separate identity. An object simply is the collection of its access
vaths. These two facts will be seen to have a number of important
:onsequences.

An other important observation is that the paths of a structure should
10t be considered as "pointers": Though a path can be viewed as a name for
in object, paths are not objects themselves. Instead, the arrows in the
victure of a structure should be regarded as denoting physical inclusion.
jince arbitrary kinds of physical inclusion (such as sharing and
:ircularity) can be modeled in a structure, the need to introduce pointers
7111 nowhere arise. The concept of physical inclusion will be made more
)recise by introducing three relations on the set of objects of a

structure:




Let S be a structure.

Let P and éﬁbe objects of S.
P is a direct component of'§ iff there is a

P is a component of E-iff there is an R € A

P is contained in Q iff there is an R € A¥
Check that these definitions are independent of
relations "be a component of" and "be contained
while the latter is also reflexive. Neither of t
or reflexive) partial order (see Example 3). The
an object is "cyclic" can be defined as follows:
An object of a structure is cyclic iff it i
It is easy to see that cyclic objects contain an

Example 3

Consider the structure S of Figure 5.
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()
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OR € P

f P an
trans
an (ir
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he objects of S are:

A = {p},

a = {a},

b = {ab, b},

aa = {P(ba)" | n 20 A P E€ {aa, bba}},

bb = {P(ab)” | n 2 0 A P € {aab, bb}}.
he three inclusion relations which ¢ fined 1} 1 these obje«
>e described schematically as follows plus ¢ 1dicates whes

relation holds):

P is a direct component of 5:
>Q|% 3 b aam
N - - - - =

2 |+ - - - -

b [+ + - - -
aa |- + - - +
bb |- - + + -

P is a component of 5:
> A a b aa bb
N - - - - -

a |+ - - - -

b |+ + - - -
aa |+ + + + +
bb |+ + + + +
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' is contained in Q:

N A a b aa bb
. - - - .
. + + - - =
S (R - -
a |+ + + + +
b |+ + + + +

:lation "be a component of" is not an irreflexive partial order here,
e it is not irreflexive: aa is a component of itself. The relation
ntained in" is not a reflexive partial order because it is not
mmetric: aa is contained in bb and bb is contained in gg} but

b. This, of course, is caused by the fact that aa and bb are cyclic

S.
" Example

'he above example (and especially the expressions for the objects aa
b suggests that there is a relation between structures and regular

ges. Indeed, the objects of finite structures are regular languages:

EMMA 1
et S be a finite structure, then each object of S is a regular

anguage over A.

an be understood intuitively by considering the picture of a finite
ure as the state diagram of a finite state machine and recalling the
pondence between finite state machines and regular languages. A
‘htforward proof can be obtained by using the fact that each

lence class of a right-invariant equivalence relation of finite index
egular language [8]. Another way to prove Lemma 1 is to use the

on between left-linear grammars and regular languages. (Check that a
inear grammar, where each nonterminal symbol "produces" an object,

. associated to each structure.) Due to Lemma 1 a regular expression
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10tation can now be used for the objects of all finite structures.
“xample 4

Fhe objects of the structures of Figures 1, 2, 4 and 5 can be denoted by

regular expressions as follows:

7ig. 1: A = A.

7ig. 2: A = (a+b)*.
fig. 4: A=A,
a = a+ba,
b = b.
fig. 5: A=A,
a=a,
E = ab+b,
aa = (aa+abba+bba) (ba)¥,
bb = (aab+abb+bb) (ab)*.

End of Example

The concept of an object as we introduced it is closely related to
concept of a "dynamic object", as it is normally conceived in computer
science. Dynamic objects are usually considered as "instances" of "value
I'wo dynamic objects may be instances of the same value and still be
lifferent. In mathematical models for dynamic objects this problem is
asually solved by associating an "identity", which is an explicit value,
dynamic objects. As stated before, objects in structures do not have an
explicit identity. It is interesting to see how the identity problem for
them is solved. The objects in a structure can be viewed as instances of
structures (so "structures" correspond to the "values" of dynamic object
This is made more precise by the following definition of the "structure"

of an object:
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be denoted as S[Ej, is the structure

(Q, R €
re and that T is independent of the

. objects can have the same structure
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'he structure of a is:
sla] =‘<P0, zg>, where
Po={o€A* | ag€P)= {A, a, ba, t
Q =g R® aQ ES aR,

ence Pylzo = {{A}, {a, ba}, {b}}.

‘he structure of b is:
slb] = <Py, =;>, where
Pr=1{0€A* | bQ€P}={A a ba, ¥
Q =} R @ bQ = bR,

ience Py|z; = {{A}, {a, ba}, {b}}.

jo 2 and b have the same structure (the strx
'nd of Example
'xample 6

lonsider the structure S of Figure 7.

Fig. 7




>jects have the same structure:
s[A] = s[b] = slbbl = s.

f Example

SRATIONS ON STRUCTURES

In this section three primitive operations
2d. They constitute a sufficient set in th
1l operations on structures can be defined

ition a special partial order on the set S

Juced first.
The partial order C on S is defined as fol

CTe c = c =,
STPS PTAS -
act that C is indeed a partial order on S
the fact that S C T means that S contains

less paths are "identified" than in T.

ructur
e that
ns of

1 stru

vial.

paths
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Example 7

The structures of Figure 8 form an ascending sequence:

Fig. 8

ind of Example
‘xample 8
£ we define the partial order [, on S as:

SEoTﬁSETAPS=PT, (s, T €

hen the fact that S [, T means that S is a "partial expansion" of T, as
llustrated in Figure 9.
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Fig. 9

 Example

: that the partial orders L and [ are much harder to describe in

of graphs.

'he relation C is more than just a partial order: It turns S into
'te lattice.

a
(A complete lattice is a partially ordered set where each

- has a greatest lower bound.) This is stated in:

.EMMA 2

'S, C> is a complete lattice.
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The proof of Lemma 2 is simple. First prove that, if S and T are

structures, <PS n PT' :S n ET> is also a structure. It is then easy to
orove that the greatest lower bound of a set T of structures is given by
<nT€T PT' nTeT = where nTET PT = A* and nTeT =p = A¥ x A* 5F T =¢.
Votice that the empty structure 1 and the convergent structure TC are th
'bottom" and "top" of the complete lattice <S, [C>, i.e. 1 C s C TC for e
3 € S. A simple theorem from lattice theory states that apart from a
jreatest lower bound, each subset also has a least upper bound [2]. The

following definitions are therefore in order:

For each set T of structures, the structures inf T and sup T are

defined as follows:

inf T

greatest lower bound of T with respect to L,

sup T least upper bound of T with respect to L.
fhe above will enable us to define the result of operations on structure
.-n terms of inf's and sup's of arbitrary sets of structures without havii

0 worry over the existence of the inf's and sup's.




19

e 9

A A

a b ‘ a b
= a and T =
3
A
3
a b
nf{s, T} = and sup{s, T} = A
a a b
Fig. 10

¢ Example

3efore defining the primitive operations on structures a remark should
le about an other interesting partial order on S. The definition of CC
> written as:

BETﬁPSCPTAVP,Q€PS[PESQ=>PETQ:|. (s, TEYS

reverse the implication sign in this definition we still have a

1l order, call it [;:

5 C = = .

sy T ﬁ»PS c PT AV P, Q€ PS [p p Q=P =g 0] (s, T€S
tively S 4 T means that S contains less paths than T and that in S
>aths are "distinguished" than in T. The partial order [; has both a

n (the empty structure 1) and a top (the divergent structure TD). Yet,
1trast with £, it does not turn S into a complete lattice (see

le 10).




'xample 10

'onsider the structures in Figure 11.
A A
a 4
S: ¢ 7. 2
b b
A
A
v, & W i.c

juppose S and T have a greatest lower bound X with respect to ;. Since

Fig. 11

7Cy s and VL; T, we have that V[, X. This implies that a, c € PX and,
since a £V c, also that a ix c. WLy s and WL T imply that WL, X, hence
> € PX' X[LC; S and a ES b imply that a EX b. Analogously, X, T and b ET c
lmply that b Ex c. Using the transitivity of EX we get a EX c, which is a

sontradiction. Hence <S, [ > is not a complete lattice.
ind of Example

All operations which will be introduced below are considered as
>artial operators on structures. They may have a number of parameters
(usually objects in the structure to which they are applied, or accessors).

fhe result of applying the operation F with parameters X ceoy Xm to the

'
structure S will be denoted as {S}F(xl’ cees Xm). The noiation
?(xl, ceey Xm) will be used to denote the (partial) operator

\SeS {S}F(Xl, cees Xm). Concatenation is used to denote functional
romposition of operators, e.g. F(Xl' ceoy Xm)G(Yl' “eay Yn) denotes

Ages {{s}F(xl, ey Xm)}G(Yl' ceer Y ).
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rhe first primitive operation on structures which will be introduced
s to the "creation" of an object in a structure. The created object
as its structure and is added as a direct component to a given

:. The operation, called CRE, has two parameters E-and A. P is an

: in the structure S to wﬁich CRE is applied and A is an accessor such

A is not a path of S. The effect of CRE(E} A) is pictured in

3 12,
A A
O | O
CRE(P,A) P
A

Fig. 12

afinition of CRE reads:

set S be a structure. If P is an object of S and A € A such that
A € PS' then {S}CRE(P, A) is the following structure:

inf{TGSISET,VREPS [rR =, P =>ra€PI}

>uld be clear that CRE(E} A) does what Figure 12 suggests. The fact
'less" in the partial order C implies "less identification" guarantees
1 new object is created and not some old object is taken as the new

1ent of E:




'xample 11

. binary tree can be generated from the empty structure by a sequence of

jperations such as:
{1L}cRE(N, a)CRE(A, b)CRE(b, a)CRE(ba, a)CRE(ba, b).

'he intermediate and final results of this sequence of operations are

victured in Figure 13.

A A A A

O

Fig. 13
ind of Example

The second primitive operation on structures is like CRE, except that
.t adds an already existing object as a direct component to an object. The
)peration, called ADD, takes three parameters E} A and 5: P and éiare
)objects in the structure S to which ADD is applied and A is an accessor
such that PA is not a path of S. The effect of ADD(E; A, 5) is pictured in

'igure 14.
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ADD(P,A,Q)

Fig. 14
finition of ADD is given below:

et S be a structure. If P and é-are objects of S and A € A such that
A € PS' then {S}aDD (P, 3, Q) is the following structure:

inf{T€S|SET,VR€Ps[RESP=RA€PTARAETQ]}.

‘eatest lower bound of the same set of structures as in the definition
» is taken here, except that the set is restricted to those structures
ch the paths RA with R ES P and Q are identified. This guarantees

ot a new object is created, but that é-is added as a new component to
ice that, in contrast with CRE, it is not simple to define ADD

t the use of the partial order L. This is due to the fact that ADD

troduce circularities in a structure.




ixample 12

et S be the structure of Figure 15,

o

Fig. 15

hen {S}aDD(b, a, A) is the structure of Figure 16.

A

a b

Fig. 16
ind of Example

The third and final primitive operation can be vice >mehow as the

.right) inverse of the other two primitive operations. unts to
removing a direct component of an object. The operatior Led REM, has
:wo parameters P and A. P is an object in the structure which REM is
ipplied and A is an accessor such that PA is a path of jure 17

»ictures the effect of REM(E} A).




REM(P,A)

Fig. 17
sfinition of REM is:

et S be a structure. If P is an object of S and A € A such that
A € PS' then {S}REM(P, A) is the following strcture:

sup{TESITES,VRGPS[RESPsRAﬁpT]}.

> that, due to the fact that objects may be shared, REM(?) A) need
> the object PA from a structure. That is why this object is
sented by a dotted circle in the right part of Figure 17. (Strictl
ing the path name P should also be dotted, because the path P (but
>ject E} may be removed from the structure by REM(E} A).) In gener:
, A) may reduce the number of objects in a structure by a number

ag from zero to all but one (see Example 13).
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Example 13

Consider the

The effect o

Notice: the

subsequently

ture S of Fi

a, a) onS i

of objects

e structure

8.
\
b
>
b
3
. 18
A
b
b
b
a
. 19

+t changed. If REM(

ure 19, we get:

plied




Fig. 20
2: two objects have "vanished".
f Example

Nhen choosing structures as the basis of the definition of a
Eication or programming language, the above three primitive operat
ifficient in the sense that all more complex operations can be
ssed in terms of them. In order to illustrate this we shall sketch
ly how the meaning of language constructs can be described in term
rimitive operations. The idea is to represent all values as struct
their "instances" as objects of structures). If we consider the
oles X,, ..., Xn of an algorithm as accessors, then the "state" of

1
ithm can be represented by a structure as pictured in Figure 21.

glo loc

Fig. 21




‘n this figure the wvariables Xl' cees Xn of the algorithm are represented
)y the paths loc.Xl, ooy 1oc.Xn (dots are used to separate accessors

lere) . The values of the variables are (the structures of) the objects

.oc.xl, ey 1oc.Xn. Since the latter objects may share components, things
such as "aliasing" can readily be described. The component loc of the state
'onstitutes what might be called the "local environment". Apart from a
ocal effect an algorithm may also have a global effect ("side effect").
'his is modeled by the component Eigi(the "global environment") of the
itate, which is supposed to contain all information global to the
:lgorithm. Since Eis-and Isz-may share components, local operations with
lobal side effects can be described very naturally this way.

The meaning of a "statement" of an algorithm can now be defined as a
lapping from states on states, where a state is a structure as in
'‘igure 21. As an example consider the assignment statement. This statement
iight have the form "P.A := Q", where A is an accessor and PA and Q are
aths within the local environment. (The statement should be read as
replace the A-component of E-by 5“.) The meaning of the assignment

tatement could be defined as:
M(p.A := Q) = ADD(A, p, loc.P)ADD(A, q, loc.Q)
REM(p, A)ADD(p, A, q)

REM(A, p)REM(A, q).

lotice that the following definition would not be correct:

M(P.A := Q) = REM(loc.P, A)ADD(loc.P, A, loc.Q).

'he reason is that after REM(loc.P, A) both the object loc.Q and the path
oc.P need no longer exist. The meaning of language constructs other than
he assignment statement can be described in a similar way. For more

etails about this the reader is referred to [9].
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ICLUSION

n this paper a novel method of characterizing storage structures was
ssed. The concept of a "structure" was introduced, which is basically
>le mathematical model of the access properties of a storage

:ure. Using this model storage structures with arbitrary sharing and
.arities can be characterized without the need to introduce pointers.
.on and replacement become very natural operations which cannot

e any "garbage", since the concept of unreachability is nonexistent
structure. Due to the fact that structures are general and yet free of
.ow level concepts as pointers and garbage, they lend themselves very
1s the basis of definitions of realistic specification and programming
iges. This is illustrated in [9], in which a specification language
>stract data types is discussed, which is used (in a somewhat informal
.n [10].

’he concept of a structure as defined in this paper is believed to
rterize storage structures in a way more abstract than other methods.
ler to support this assertion let us give a short comparison of

:ures with some of these other methods. "Vienna objects" [14] are

tlly trees with labeled branches. Sharing and circularity can only be
:d by introducing a pointer concept. This is done by allowing

>site selectors" (which correspond to "paths") to be used as objects.
1s" [13] were already discussed in Section 2. Graphs are easily seen
less abstract than structures, because each structure corresponds to
jraphs. Also, the unnatural choice of an already existing node as the
»de when creating a node in a graph is not necessary in a structure.
:ional objects" [5] are set-theoretic models of storage structures.
ire built from atomic values using set and tuple constructors.

-onal objects are more general than graphs (each graph can be

.bed as a relational object), but they inherit many of the

rantages of graphs. E.g., sharing can only be modeled by representing
:s in some way as primitive values (which correspond to the nodes of a
. The programming language SETL [4] even has a special atomic data
or this purpose. A more comprehensive comparison of structures with

methods of characterizing storage structures can be found in [9].
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